Abstract. This paper presents the experimental and analytical validation of the lateral strength of dry block masonry walls under in-plane loading. The analytical evaluation of the in-plane frictional resistances activated at the onset of the rocking-sliding mechanisms is revisited in order to account for the different contributions of the self weight of the wall and additional loads. It is assumed that the wall is arranged in a running
INTRODUCTION
In the past forty years, several approaches for modeling masonry structures have been developed to evaluate the seismic vulnerability of historic masonry buildings. Among these, many studies are based on the direct observation of recurrent damage and collapse mechanisms in seismic scenarios and are aimed at calculating the ultimate load factors by means of limit-state analysis [1] .
In particular, the macro-block modelling approach has demonstrated to be useful for masonry buildings without a box-type behaviour, where frictional resistances might play a predominant role at the onset of in-plane and out-of-plane failure mechanisms [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . According to it, each block represents a portion of masonry which remains undamaged and is separated from others by a number of localized cracking where the frictional resistances can take place. This modelling strategy relies on the advantage that the collapse load factor is easily computable by means of few equilibrium equations based on limit analysis methods. It could also be useful to further develop recent innovative research in the field of rocking rigid block dynamics [15] [16] [17] [18] .
Crucial to this approach is the assessment of the frictional resistances along the cracks. In this paper, considering the masonry block wall as a single leaf wall arranged in a running bond pattern, the analytical model proposed in [19] for the calculation of in-plane frictional resistances was reconsidered to define more accurately the lateral strength of the wall. To this aim, a revisited formulation for the frictional resistances was presented by identifying two distinguished contributions, one due to the self weight of the wall and the other due to the possible overloading. Then the experimental validation of these analytical results was provided by investigating the effects of applying the horizontal loadings at different points along the vertical side face of the wall. The testing device was designed and realized ad hoc since no standard equipments and procedures were found in the literature and, to date, it does not appear that the frictional resistances of a dry stone masonry panel were ever tested. More details can be found in another work [20] .
IN-PLANE FRICTIONAL RESISTANCES ALONG A CRACK
A rigid-perfectly plastic model with dry contact interfaces governed by cohesionless Coulomb failure criterion is herein adopted for the assessment of frictional resistances within inplane loaded masonry walls, assumed to be single leaf walls arranged in a running bond pattern (Fig. 1) . According to this model, the crushing of rigid blocks is ignored, the plastic dissipation is reduced to contact interfaces, in particular to bed joints, and the possible failure modes (rocking and/or sliding) take place along defined patterns of lines (cracks), which follow disposition of joints. Experimental and analytical investigation on 3D frictional behavior was recently carried out by Casapulla and Portioli [21, 22] to evaluate the frictional strength parameters in terms of shear, torsion and bending moments and combinations of them.
Although the limiting shear force due to friction at a single bed joint can easily be computed as the weight of the upper column of half-blocks multiplied by the friction coefficient (Coulomb's law), its resultant on all the bed joints along a given crack, also considering the presence of overloading, does not correspond in a simplistic way to the total weight of the moving portion times the friction coefficient. In fact, this resultant can only be derived according to two different formulations which actually give the same results [19] . One of these formulations is revisited in this paper in order to define more accurately the contributions of the self weight of the wall and the possible overloading.
The shape factor of the single unit depicted in Fig. 1(a) is defined as the angle α b = tan 
Proposed formulation
The resultant frictional resistance on all the bed joints along a given crack only depends on the number of courses that the crack line actually crosses [5, 7] .
In the following, this assumption is revisited only with reference to the case of α c ≤ α p . In this case, typical for long walls, the total shear strength is independent of the angle of crack, as the number of rows crossed by the crack line is always that corresponding to the total height of the wall. It is also independent of whether the unit shape factor is greater or smaller than the wall shape factor. These results are described within the following two different conditions.
Case (a) α b ≤ α p (Fig. 2) The total force F results from the sum of two contributions: F W , related to the weight of the wall acting on all the bed joints and F Q , related to the uniformly distributed load q for unit of length, acting at the top wall. It is worth noting that the distribution of these contributions along the height of the wall is linear for the former and uniform for the latter.
In particular, being n the number of rows crossed by the generic crack line, the limiting shear force due to friction at contact interface i, in absence of overloading, is given by the weight of the upper column of half-blocks multiplied by the friction coefficient f, i.e. according to the cohesionless Coulomb's law:
where W b = γbvh is the weight of a single half-block (γ is the specific weight of the material). The first resultant will be:
and it will be applied at 2/3 of the height of the cracked part from the top of the panel, since S i linearly increases from the top to the bottom wall [13, 19] .
On the other hand, the resultant due to the overload is expressed in the form:
and it is applied at half-height of the wall, as illustrated in Fig. 2 . The total frictional resistance is therefore the sum of Eqs. (2) and (3), i.e.:
which is clearly independent of the angle of crack. Its application point can easily be obtained with the expression:
Case ( 
As introduced above, also in this case the number of surfaces crossed by the crack line does not change with α c and it is always equal to the total number of courses in the panel considered. This allows obtaining the same total shear strength as Case (a), i.e. equal to Eq. (4).
EXPERIMENTAL VALIDATION OF FRICTIONAL RESISTANCES
A series of laboratory tests were carried out to experimentally validate the frictional resistances described in the previous section. To this aim it was verified that a horizontal pointload applied, with opposite sign, to the same application point of the resultant frictional resistance exerted by the wall effectively implied pure sliding failure mode, while involving a mixed rocking-sliding failure when different application points were considered.
The tested wall was 800 mm x 468 mm x 50 mm (length x height x width) in size and had twelve courses of stretcher blocks. It was constructed using 100 mm x 39 mm x 50 mm (length x height x width) Neapolitan tuff stones arranged in a running bond pattern and with an average unit weight equal to 13.1 kN/m 3 . All masonry blocks were cut mechanically leaving a smooth surface and placed within the wall without mortar (dry joints). The friction coefficient between the faces of the tuff stones was calculated experimentally using the same setup of the wall and was found to be equal to 0.52. In order to allow the same frictional resistance at each involved contact surface, an additional course of stretcher tuff stones horizontally constrained was placed between the tested wall and the rigid and fixed supporting base. Different loading conditions were considered to simulate both pure sliding and mixed rocking-sliding failure modes.
Test setup
The test setup was designed and realized ad hoc since no standard equipments and procedures were found in the literature. This consisted of the application of a horizontal point-load to the side face of the dry stone masonry wall specimen by means of a universal electromechanical testing machine, as schematically shown in Fig. 3 . In order to simulate the predicted failure modes and to distribute the point-load along the vertical side face of the wall, the horizontal load was applied to a vertical steel rod (550 mm long, 10 mm diameter) inserted in six eye screws attached to the half-block on alternating stretching courses. The rod was rigid enough to support the maximum load used during the tests without deformation. It was also suspended on the upper eye screw to avoid any contact with the base support and was unilaterally constrained at its base in horizontal direction through a wooden spacer to prevent inward displacement during its rotation. In fact, it is worth underlying that to avoid interpenetration of blocks this rod was only allowed to translate outward and unilaterally rotate about the pivot point.
The loading scheme was designed to apply the point-load at a variable height within the vertical midplane of the wall and to involve all the possible in-plane displacements transmitted by the steel rod. To activate the failure mechanisms, a monotonically increasing horizontal force was applied using the testing machine. A steel cable, supported by a system of small pulleys and a steel frame, was used to connect the steel rod to the actuator of the testing machine running in the vertical direction. In order to apply the point-load along the horizontal direction, the lower pulley was allowed to shift vertically. The load was applied under displacement control at a constant rate of 5 mm/min, using the control system of the testing machine to calibrate the speed of the vertical actuator.
The force was measured using a load cell with a maximum capacity of 500 N and an acquisition frequency of 10 Hz. The displacements were measured using three Linear Variable Displacement Transducers (LVDT) with a displacement range of ± 50 mm. These LVDTs, supported by the steel frame, were positioned to the first, fourth and last half-block of the side face of the tested wall from its top to the bottom. The purpose of the LVDTs was to measure the displacements along the height of the wall to distinguish the pure sliding mechanisms from the rocking-sliding ones. The load cell and the transducers were connected to a digital scanner to acquire forces and displacements.
In some tests the wall was subjected to a constant overload of 320 N, which was about 34% larger than its self weight. This overload was uniformly distributed along the top wall through the use of a steel H-beam, weighing 66 N and placed with horizontal web (Fig. 6(c) ), supporting nine cast iron cylinders, each with an average weight of about 28.2 N (254 N total cylinders).
Testing programme
The experimental programme was planned in order to validate the frictional resistance of the tested dry stone masonry wall in the cases of absence (Test 1) or presence (Test 2) of the overload. These cases were expected to involve pure sliding failure modes only. The additional Tests 3 and 4, implying mixed rocking-sliding mechanisms, allowed to validate the application point of the frictional resistance both in the absence and presence of overload.
Experimental tests were carried out for Case (a) only (
can be directly derived from Case (a). Table 1 summarizes the chosen values of the overload and the application points of the point-load for each test. The last row is referred to the values of the application points measured from the bottom of the rod instead of the bottom of the wall to take into account the pivot point in the cases of rotation of the rod. The distance between the pivot point and the bottom of the wall was measured to be d = (zy) ≈ 20 mm. The application points of the force for Tests 1 and 2 were determined using Eq. (5), which considers the effects of both the self weight and the overload. Instead, the force was applied at 2/3 of the wall height for Tests 3 and 4.
Experimental results and comparisons

Pure sliding failure
Wall panel Test 1 was carried out without overloading and by applying the horizontal force at 1/3 of the wall height from its bottom (156 mm).
The results of the test were reported both in terms of failure mode and of the average frictional resistance to be compared with analytical results.
The first evidence observed in Fig. 4(a) is that effectively pure sliding mechanism occurred when considering the chosen application point. In fact, although a slightly smeared distribution of sliding movements can be detected along the courses, a clear separation of a portion of wall with nearly the same amount of the total horizontal displacement for each course can be distinguished. In Fig. 4 (b) the results of Test 1 are plotted in terms of three load-displacement curves derived from the combinations of the load cell with the three positioned LVDTs. For all the graphs reported in this section, the upper displacement transducer was LVDT 1 (blue continuous line), while LVDT 2 (green dashed line) and LVDT 3 (red dotted line) were the intermediate and the lower ones, respectively. As expected, the signals registered by the three LVDTs were nearly coincident, with an almost vertical branch representing the rigid behavior of the block interfaces and the maximum load occurring at the first noticeable movement. Although it appears quite difficult to identify the first noticeable movement and the corresponding load, it can be reasonable to assume the maximum load in the range 0-1 mm, i.e. F = 51.2 N in this case. The displacements registered after this point show the stick-slip behaviour which is typical of frictional sliding [23] . However, although the kinematics of the failure is beyond the scope of this paper, it is worth noting that the enhancement of displacement occurred without substantially increase in the loading force. The second test (Test 2), considering the overload applied on the top wall, was carried out by applying the horizontal force at the distance from the bottom of the wall obtained using Eq. (5), i.e. 212 mm. Also in this case an actual pure sliding failure can be observed (Fig. 5(a) ), though the moving portion of the wall had a different shape and could be identified as a triangular block. The results in terms of load-displacement curves are reported in Fig. 5(b) where trends similar to the curves in Fig. 4(b) can be observed. The first almost vertical branch can still represent the rigid behaviour of the block interfaces (the displacements less than 1 mm can be disregarded), while the stick-slip behavior after the onset of the mechanism appeared less pronounced. The maximum load was reasonably chosen as F = 207.1 N.
These first results were a clear indication of the correctness of the chosen application points obtained according to Eq. (5) and may effectively allow validating the linear and constant distributions of the frictional resistances described in the previous section. However, a further confirmation of the good agreement with analytical results will be shown later on within the comparisons between the experimental and predicted values of the applied horizontal force.
Rocking-sliding failure
Tests 3 and 4 were carried out to demonstrate that mixed rocking-sliding mechanisms may occur when the application points are chosen different from those activating pure sliding failure modes, in the absence and presence of overload, respectively (Fig. 6 ). In these figures, the failure modes and the corresponding load-displacement curves are reported for such tests, where the activated rocking-sliding mechanisms can be observed for all cases. In particular, Fig. 6(a) shows that the portion of the wall moving outward for Test 3 is quite similar to that in case of pure sliding (Fig. 4(a) ), but with horizontal displacements increasing from the bottom to the top, due to the rotation of the steel rod about the pivot point. A similar phenomenon can be observed in presence of overloading for Test 4 in Fig. 6(c) , where the rotation of the rod appeared amplified because of the greater displacements of the upper blocks. The load-displacement curves reflected the observed failure modes through the registration of quite linear distributions of the displacements, increasing from the lower LVDT 3 to the upper LVDT 1, when reached the applied loads activating the mechanisms. Considering the first noticeable movement of the upper LVDT 1 in the range 0-1 mm (as also assumed for pure sliding failure), these maximum loads were reasonably chosen as F = 21.1 N and F = 119.3 N for Tests 3 and 4, respectively.
Comparisons with analytical results
In Table 2 all the experimental results described above were compared to those obtained by the analytical formulations presented in Section 2, in terms of applied horizontal force. Both failure modes of pure sliding and rocking-sliding were considered.
In the cases of pure sliding mechanisms, i.e. Tests 1 and 2, the values of the frictional resistances and the applied horizontal loads were directly compared each other and Eq. (4) was used for analytical results, since no level arms must be computed. In the cases of rockingsliding failure (Tests 3 and 4), instead, it is worth underlining that the analytical values of the applied horizontal loads were obtained through the rotational equilibrium of the steel rod about the pivot point. This means that the predicted forces, reported in Table 2 , were obtained by the following relation:
where F and y F are given by Eqs. (4) and (5), respectively, z is the distance of the application point from the bottom of the rod (Table 1) and d is the difference of about 20 mm between the bottom of the rod and the bottom of the wall, as introduced above in this section.
The comparison of the analytical results against experimental evidence shows that the predicted limiting forces agree well with the observed experimental results, both in terms of the frictional resistance and of its application point. In particular, the frictional resistances assessed by the formulations proposed in Section 2 were validated by the experimental results for Tests 1 and 2, which show a relatively small percentage difference of about 1% and 15%, respectively. Moreover, it should be noted that the analytical results are conservative with respect to the experimental ones and that the failure mode was assessed as pure sliding for both test performances.
A good agreement between the results can also be observed for Tests 3 and 4, which confirmed the correctness of the application points of the predicted frictional resistances in the cases when rocking-sliding failure modes were involved.
The percentage difference between the analytical -still conservative -and measured forces for Test 4 was effectively very small, i.e. about 0.3%, confirming the robustness of the analytical formulations, while an unconservative result was registered for Test 3, with about 13% of percentage difference (positive sign). This can be explained by the general observation that the experimental tests are locally influenced by some random factors, e.g. variations of normal pressure force or inhomogeneous asperity of contacting surfaces, which could vary from test to test. Notwithstanding, the percentage difference registered for Test 3 still was relatively small and the failure mode observed in Fig. 6(a) still confirmed the validity of the proposed formulations.
CONCLUSIONS
In this paper the lateral strength of dry block masonry walls under in-plane loading was measured by frictional resistances. Assuming the wall arranged in a running bond pattern, with rigid blocks and dry contact interfaces governed by cohesionless Coulomb failure criterion, its lateral strength was assessed by accounting for two contributions, one due to the self weight of the wall and the other due to the overloading. This allowed obtaining more accurate results for the resultant frictional resistances, as confirmed by the experimental investigation carried out to validate the analytical formulations. Both pure sliding and rocking-sliding failure modes were simulated with the testing device designed and realized ad hoc (no standard equipments and procedures were found in the literature).
